e structure and differential capacitance of the diffuse part of the electric double layer at solid-electrolyte solution interfaces are examined using a theoretical model that takes into account the finite ion size by modeling the solution as a suspension of polarizable insulating spheres in water.
Introduction
It is well-known that when solid objects are placed in contact with an aqueous electrolyte solution, they usually acquire a surface charge and spatial distributions of charge and electric potential, known as the electric double layer (EDL), appear close to the interfaces. is structure plays a crucial role in materials science, electrochemistry, colloid and polymer science, biophysics, and the study of nanofluidic devices [1] [2] [3] .
Helmholtz [4] was the first to show that an EDL is essentially a molecular condenser able to store charge. is early model predicted a constant differential capacitance value dependent on the permittivity of the electrolyte solution ε e and the thickness of the double layer d but independent of the surface charge density.
Later Gouy and Chapman [5, 6] made significant improvements by considering that the charge distribution of ions as a function of distance from the solid-liquid interface follows the Maxwell-Boltzmann statistics. However, important simplifications were also assumed: ions are treated as mathematical points; non-Coulombic interactions between counterions, co-ions, and the solid are disregarded; the macroscopic permittivity value ε e is considered to be constant in the whole ionic solution up to the very surface of the solid; incomplete dissociation of the electrolyte is ignored; and so on.
In 1924, Stern [7] considered that ions, because of their finite volume, cannot come infinitely close to the solid surface. He so suggested a combination of the Helmholtz and the Gouy-Chapman models. In Stern's model, ions in contact with the solid surface behave as in the Helmholtz model, while the remaining ions, located outside this Stern layer, form a diffuse Gouy-Chapman layer.
Most of the EDL interpretations that followed continued using the original Stern idea, i.e., to divide the EDL into two parts: an inner part in contact with the solid surface and a diffuse electric double layer (DEDL). In most of these studies, it was further assumed that the remaining discrepancies with experimental results originated from an overly simplified model of the inner layer, which has been corrected including specific ionic adsorption, solvent reduction, strong metal-solvent interactions, etc. [8] [9] [10] [11] [12] . However, in the last decades, several authors suggested that differences between theoretical model predictions and experimental data may be due to the assumption of ions as mathematical points in the Gouy-Chapman model for the DEDL.
Roughly, two types of methods have been used to include ion size effects: microscopic descriptions of the system with different approximation levels and phenomenological theories using macroscopic differential equations to describe the average behavior of the system. Microscopic descriptions have the advantage of a precise representation of the interactions responsible for the macroscopic behavior but only in equilibrium (out of equilibrium studies are possible in principle but at an enormous computational cost). On the contrary, phenomenological theories, less strict in the description of the interactions, make it possible in practice to analyze the system behavior both in equilibrium and perturbed by an external electric field (see reference [13] and references cited within).
Basically, all the phenomenological models consider that ions have an effective ionic radius so that their local concentration cannot surpass a finite value and introduce an activity coefficient in order to account for both the ionic size and the steric interactions among ions. While different expressions have been used for the activity coefficient, most of the studies published to date use the equation proposed by Bikerman in 1942 [14] .
is expression only takes into account the excluded ionic volume neglecting all other steric effects and solely depends on the local volume fraction occupied by the ions so that it has the same value for all the ionic species present in the solution.
e results of this modification of the standard model have shown that steric interactions are crucial for the interpretation of the equilibrium double layer of electrodes when both the surface charge and the bulk ionic concentration are high. For colloidal suspensions, however, where these parameters have typically much lower values, finite ion size effects appeared at first to be almost negligible [15] .
In recent years, the theoretical model was extended considering three main aspects.
e first consists in realizing that a restriction on the ability of ions to approach one another should also imply a restriction of ions to approach the surface of the particle. Taking this into account, the correction to the classical model becomes nonnegligible even for weakly charged particles suspended in low concentration electrolyte solutions [16, 17] . However, it is still necessary to consider effective ionic radii much larger than their hydrated values in order to fit experimental data.
e second was the use of more elaborate steric interaction models derived from hard sphere fluid theories, namely, the Carnahan-Starling equation [18] and its extension to the case of ion types with different sizes, namely, the "Boublik-Mansoori-Carnahan-Starling-Leland" (BMCSL) equation of state [19, 20] .
Finally, it was realized that the existing theories actually do not imply that ions have a finite size: they only include restrictions on their ability to approach one another or the surface of the particle. On the contrary, a finite size ion should have a finite volume that can no longer be occupied by the suspending medium. e inclusion of this aspect led to the following main consequences:
(1) e presence of ions in the suspending medium should modify its permittivity. Moreover, since the ion concentration near a charged interface strongly depends on the distance to its surface, the electrolyte solution permittivity should also depend on this distance. (2) A variable permittivity of the electrolyte solution leads to the appearance of a new force term acting on an ion since charges tend to move into regions of higher permittivity (a consequence of the so-called Born energy). (3) e dielectric sphere representing an ion gets polarized by the local electric field and acquires a dipole moment. erefore, an additional dielectrophoretic force acting on the dipole will appear wherever the local field is nonuniform.
e final result is an additional increase of the surface potential, which has a similar magnitude as that obtained taking only steric effects into account [21] [22] [23] [24] [25] [26] .
Inclusion of all the abovementioned effects is a formidable challenge from the computational point of view. Because of this, most of the existing studies consider the system behavior in equilibrium avoiding, furthermore, complications such as spherical symmetry.
Moreover, most studies only consider binary electrolyte solutions, in which the DEDL is basically composed of a single ionic species (the counterion) [26] so that the Bikerman and Carnahan-Starling expressions can be used to calculate ionion interactions. However, DEDLs in real systems are often composed of several ionic species. Under these conditions, the Bikerman and Carnahan-Starling expressions cease to be valid since they were deduced for single size spheres. Fortunately, the Carnahan-Starling expression has been extended to mixtures of spheres of unequal size, namely, the "Boublik-Mansoori-Carnahan-Starling-Leland" (BMCSL) equation of state [19, 20] , making it possible to analyze the most general case. is theoretical model has been previously used by other authors but only in the case of binary electrolytes [27] or for mixed electrolytes assuming point co-ions [28] . Moreover, all the permittivity-related effects are neglected in these studies.
e case of mixed electrolytes with finite counterion and co-ion sizes including permittivity-related effects is only considered in [29] , to the best of our knowledge. However, this work uses an approximate procedure based on a generalization of the van der Waals equation to treat the steric interactions rather than the BMCSL equation. Moreover, the solution permittivity is calculated by means of a linear expression, and only the dielectrophoretic force is considered, while the Born force is neglected.
e aim of the present work is to analyze the structure of the DEDL for mixed electrolytes using a theoretical model that includes all the effects commented above. We show that the ionic size differences have a strong bearing on the diffuse part of the electric double layer structure. Larger counterions are expelled from the inner part of the diffuse double layer, while the concentration of the smaller ones increases. is leads to much lower surface charge values than predicted by 
Theory
Let us consider an infinite uniformly charged plane interface immersed in an infinite solution made of m ionic species represented by insulating spheres with hydrated radii R i , effective permittivity ε i , signed valences z i , and bulk molar concentrations c ∞ i (in mM), suspended in a continuous medium (water) with permittivity ε w . e equilibrium DEDL is characterized by the local electric potential Ψ and the ionic concentration c i profiles. Furthermore, due to the volume occupied by the ions, the electrolyte solution permittivity ε e also varies with the distance to the interface. is dependence can be estimated using the Maxwell mixture formula [30] which is quite accurate over the whole concentration range when the dispersions have a lower permittivity value than the suspending medium:
where N A is the Avogadro number. e electric potential is determined by the Poisson equation, written taking into account the spatial dependence of the electrolyte solution permittivity:
where e is the elementary charge and E → is the electric field. On the other hand, the following competing macroscopic average forces (per mol) acting upon the ions determine the ionic concentrations:
(ii) e thermal force due to the random ionic movement
where k is the Boltzmann constant and T is the absolute temperature. (iii) e steric force limiting the ability of ions to approach one another, which appears when ion size effects are taken into account
where μ ex i is the excess electrochemical potential. (iv) e Born force that appears when the permittivity of the solution is allowed to change [31] : ions tend to move to regions of higher permittivity in order to lower their electrostatic energy
(v) e dielectrophoretic force that appears when ions are assumed to behave as dielectric spheres that become polarized by an external field acquiring an induced dipole moment m
In equilibrium, the sum of all the forces acting on each ion type must vanish, which leads to the following differential equations for plane geometry:
e solution of Equation (8) is
where K i are integration constants,
ε e is given in Equation (1), and ε
all the effective ion permittivityrelated effects disappear.
ese equations are solved considering as in [28] that the inner boundary of the DEDL is located at x � 0 and using the usual boundary conditions:
Normal component of the electric field at x � 0:
where the electric field value is expressed in terms of a surface charge σ S by means of the Gauss law. Note that σ S does not represent the surface charge on the interface but rather minus the total charge of the DEDL. Potential and ion concentration values far away from the interface:
e last two conditions make it possible to determine the integration constants K i :
In order to proceed, an analytical expression for the excess electrochemical potentials is required. e first theoretical model taking into account steric interactions among ions in the solution was proposed by Bikerman [14] , who deduced the following expression for the excess electrochemical potential:
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While the Bikerman expression is the first and simplest equation that allows to introduce steric interactions among ions into the theoretical model, later studies have produced more precise expressions. e most often used one is the Carnahan-Starling expression [18] :
While the Bikerman and Carnahan-Starling expressions for μ ex i are only valid when all the ionic species have the same size, the latter has been extended in 1970 by Boublik [19] and by Mansoori et al. [20] to the general case when different ionic species have different sizes. e obtained result can be written in the following form [28] :
where
Note that ξ 3 denotes the total volume fraction occupied by ions in the solution (ϕ in the Bikerman and Carnahan-Starling expressions (Equation (15)). On the other hand, Equation (17) reduces to the Bikerman expression for the ionic species i if R i � 0 and at least one of the other species has a finite size and to the CarnahanStarling expression if it is assumed that all ionic species have the same hydrated radius.
Results
In what follows, we analyze the BMCSL theory predictions on the electric double layer structure and its differential capacitance (e.g., the variation of the surface charge density with the electric potential drop across the DEDL). We first consider binary electrolyte solutions with equal and different counterion and co-ion sizes and compare the obtained results with those obtained using the Carnahan-Starling theory. We then consider mixed electrolyte solutions with three ionic species.
e calculations were performed considering a bulk electrolyte concentration c ∞ � 10 mM and a surface charge density σ s � ± 0.4 C/m 2 . e values of the hydrated ionic radii were obtained from mobility measurements [33] .
Binary Solutions.
In order to compare the CarnahanStarling and BMCSL theory predictions, we first consider the simplest case of binary electrolyte solutions. We consider two situations: one with same size cations and anions (KCl) and the other when these sizes are different (NaCl). Figures 1  and 2 show the obtained results when all the permittivityrelated effects are taken into account. In these and in all the following figures, the words "full model" are used to express that both steric interactions and the permittivity-related effects are taken into account. Figure 1 shows the counterion and co-ion concentration profiles in its upper and lower parts, both close to negative (left) and positive (right) interfaces. As can be seen, the counterion profiles predicted by the CS and BMCSL theories are undistinguishable from one another. is behavior is to be expected since, as shown in [26] , the steric interactions in the DEDL depend almost exclusively on the counterion size in the case of binary electrolytes so that the system behaves as if both ions had the size of the counterion. Since under these conditions, the BMCSL expression reduces to that of CS, it follows that both theories should lead to essentially the same results. However, a small difference does appear for coions in the NaCl system: the BMCSL Cl − concentration is slightly higher at a negative interface, while the Na + is slightly lower at a positive one as compared to CS. is occurs because Cl − ions are smaller than Na + ions so that the steric repelling force is lower for Cl − and higher for Na + coions. Figure 2 shows the electric potential profiles corresponding to the same cases as considered in Figure 1 . As can be seen, the small co-ion concentration differences appearing in Figure 1 do not lead to any appreciable differences in the electric potential. is leads us to conclude that the predictions of the CS and the BMCSL theories are essentially the same in the case of binary electrolytes, as expected.
Mixed Electrolytes without Permittivity-Related Effects.
We shall now compare the predictions of the CS and BMCSL theories in the case of solutions with three ionic species excluding at first all permittivity-related effects.
is is achieved considering that ε i � ε w ∀i ∈ 1, 2, ..., m { } so that ε e � ε w . We so consider a mixed electrolyte made of NaCl and KCl such that c ∞ Cl Figure 3 shows the counterion and co-ion concentration profiles in its upper and lower parts, both close to negative (left) and positive (right) interfaces. As can be seen, the counterion profiles predicted by the CS and BMCSL theories are almost identical at the positive interface because the solution behavior depends almost exclusively on the size of the counterion, and there is only one: Cl − . As for the co-ions, both theories predict the same behavior for K + since its size is the same as that of the counterion. On the contrary, while CS predicts the same concentration for Na + as for K + , since steric interactions do 4 Advances in Materials Science and Engineering not depend on the individual ionic size, BMCSL predicts a lower Na + than K + concentration because its larger size implies greater repelling forces. A totally different situation arises at the negative interface where large differences appear between the counterion concentrations predicted by the two theories. e CS theory predicts equal K + and Na + concentrations because the steric forces as well as the bulk concentrations are also the same. On the contrary, the BMCSL theory predicts a much lower concentration of Na + than K + near the interface due to the dependence of this model on the individual ionic size. While the K + concentration increases monotonously with decreasing distance to the interface, the Na + concentration reaches a maximum and starts to decrease due to its larger size. As for the co-ion (Cl − ) concentration at the negative interface, it has a similar behavior as that in Figure 1 : slightly higher according to the BMCSL than CS theories because of the presence of the larger Na + counterions. Figure 4 shows the profiles corresponding to the total volume fraction of ions near negative and positive interfaces. As can be seen, according to both theories, these profiles coincide at the positive interface since, as already mentioned, the steric forces are determined almost exclusively by the counterion sizes and there is only one counterion: Cl − . As for the negative interface, both theories predict a higher volume fraction of ions than at a positive one, which occurs because the Na + ion is larger than both the K + and Cl − ions. Moreover, BMCSL predicts a lower volume fraction than CS because of the higher concentration of the smaller K + than the larger Na + ions (Figure 3 ). Figure 5 shows the electric potential profiles for the same system as in Figures 3 and 4 . As expected, no differences between the CS and BMCSL predictions can be seen at the positive interface because the counterion (Cl − ) concentrations are almost identical (Figure 3) . On the contrary, small differences appear at the negative interface: BMCSL predicts a slightly lower (in modulus) potential drop than CS because the double layer is thinner due to a higher relative concentration of the smaller ion (K + ) (Figures 3 and 4) . We so conclude that for mixed electrolytes, the BMCSL model generally leads to a thinner electric double layer than CS because the steric forces are higher for the larger ions that tend to be expelled from the double layer so that it is mostly made of the smallest counterions. However, for the considered case when both electrolytes have the same bulk concentration and the surface charge density is moderate, the resulting potential differences are small. erefore, the expected predictions of the two models regarding the differential capacitance should also be similar.
is situation changes, however, when we consider nonsymmetric bulk electrolyte concentrations and high potential values. is can be seen in Figure 6 that shows the potential drop across the DEDL, V d , as a function of the surface charge density for two complementary bulk counterion concentrations: rich in Na + or rich in K + . e potential drop at the positive interface has been omitted almost entirely since both considered models lead to essentially the same results because the double layer is then made almost exclusively of Cl − ions, which have the same bulk concentration in both considered systems. For point ions, the same results are obtained for the two considered cases because both counterion species have the same valence and the total bulk counterion concentration is also the same. For the rich in K + case, the CS and BMCSL models also predict almost identical results since the double layer is mostly made of the smaller K + ions. e situation changes drastically for the rich in Na + case since CS predicts that the relative composition of both counterion species in the double layer remains the same as in the bulk, i.e., c Na
is behavior is also true for the BMCSL model but only for small surface charge densities. For higher charge values, the larger Na + ions are progressively expelled from the double layer (Figure 3) , while the K + concentration grows. is decreases the thickness of the DEDL, leading to a lower potential drop.
While this difference shown in Figure 6 appears to be small, it leads to important consequences for the differential capacitance of the diffuse double layer:
is can be seen in Figure 7 that shows this magnitude as a function of the potential drop across the DEDL for the same cases as considered in Figure 6 . For point ions, the same behavior is obtained for the two systems that is 6 Advances in Materials Science and Engineering characterized by an unbounded growth of the differential capacitance with increasing absolute potential drop value. e CS model predicts a different behavior for the two considered cases that is mostly determined by the counterion with the highest bulk concentration. is is why the maximum value of the differential capacitance is larger and is attained at a higher (in modulus) potential for the rich in K + system, due to its lower double layer thickness. Finally, the BMCSL model leads to results that are very similar to CS but only for the rich in K + system since, according to both models, the double layer is then mainly composed of K + ions. On the contrary, for the rich in Na + system, both models lead to similar results for low (in modulus) potentials only. For increasing potentials, the larger Na + ion is progressively expelled from the diffuse double layer, which decreases its thickness increasing the differential capacitance. Note that for very high (in modulus) potentials, BMCSL actually predicts higher differential capacitance values than CS since, under these conditions, the relative Na + concentration in the double layer drops below the constant value predicted by CS (Equation (19)).
Mixed Electrolytes including Permittivity-Related Effects.
We shall now extend the comparison of the predictions of the BMCSL and CS theories considering that ions behave as dielectric spheres with permittivity values different from that of water. We so assume that for all the ionic species, ε i /ε 0 � 20. We shall first analyze the case of a mixed electrolyte with equal compositions of NaCl and KCl, just as in Figures 3-5 . Figure 8 shows the counterion concentration profiles at negative and positive interfaces predicted by the considered theories. is figure is similar to Figure 3 , except for the absence of the co-ion concentrations that have been omitted because they are relatively unimportant for the double layer behavior as already discussed. e permittivity-related effects do not alter the qualitative behavior predicted by the BMCSL model. e dielectrophoretic force tends to diminish the concentration of all the ionic species close to the interface.
is is why the Na + concentration for x � 0 has a lower value than in Figure 3 .
As for the concentration behavior of K + that actually increases for x � 0, the interpretation is more complex: the dielectrophoretic force tends to lower the K + concentration but the decrement of the Na + concentration decreases the 8 Advances in Materials Science and Engineering steric repelling force acting on the K + ions tending to increase their concentration. In the considered case, the second phenomenon is stronger than the first so that the K + concentration close to the interface ultimately increases. On the other hand, permittivity-related effects have a much stronger bearing on the CS predictions that change qualitatively: the Na + concentration attains a maximum and diminishes close to the interface. is happens because of the size dependence of the dielectrophoretic force that is proportional to the cube of the ionic radius. Because of this, even when steric interactions are independent of the counterion size according to CS, the repelling dielectrophoretic force is stronger for Na + than for K + , leading to a concentration behavior that is qualitatively similar to that predicted by BMCSL.
Because of this behavior, both models also lead to similar potential drop versus surface charge density relationships.
is can be seen in Figure 9 , which is identical to Figure 6 except for the inclusion of all the permittivity-related effects. For both the BMCSL and CS theories, the use of the dielectric sphere model strongly increases the potential drop across the diffuse double layer: the −1000 mV value is attained for 0.5 rather than 0.7 C/m 2 ( Figure 6 ). is is due to two reasons: the increase of the double layer thickness mainly due to the dielectrophoretic force and the decrease of the double layer permittivity.
e differences between the CS and BMCSL theories become apparent in Figure 10 , where the differential capacitance is represented as a function of the potential drop for the same systems as in Figure 9 . e increment of the double layer thickness and the decrement of its permittivity lead in both cases to an overall decrease of the differential capacitance, clearly seen when comparing Figures 10 and 7 . However, for high (in modulus) values of the diffuse layer voltage, the CS results for the Na + rich system tend now to those corresponding to the system rich in K + because for both systems, the dielectrophoretic force finally expels the largest counterion from the double layer.
In conclusion, the dielectric sphere model leads to the following modifications of the CS and BMCSL theories:
(1) e effects due to different ionic sizes already present in the BMCSL theory are incremented since both the steric and the dielectrophoretic forces increase with the ionic size. Because of this, the increment of the R Cl -= R K + = 3.3Å R Na + = 3.58 Å Figure 7 : Dependence of the differential capacitance of the diffuse electric double layer on the potential drop across this layer, calculated using the CS and BMCSL steric interaction only models and mixed aqueous NaCl and KCl solutions with the indicated parameters.
potential drop across the diffuse double layer and the corresponding decrement of the differential capacitance occur at lower surface charge densities. (2) e effects due to different ionic sizes that are absent in the CS theory appear when it is combined with the dielectric sphere model. Because of this, the qualitative behavior of the CS theory becomes similar to that of BMCSL. However, the quantitative results remain quite different except for very low or very large surface charge values.
Conclusions
In this work, we present a theoretical account based on the Poisson-Boltzmann equation of the influence of the finite ionic size on the diffuse double layer properties of binary and mixed electrolyte solutions. is is done combining for the first time the "Boublik-Mansoori-Carnahan-Starling-Leland" (BMCSL) theory for the steric interactions among ions with all the effects that result from the representation of ions as dielectric spheres. ese include the dependence of the solution permittivity on the local ionic concentration, calculated here by means of the Maxwell mixture formula, and the appearance of two additional forces acting on the ions, namely, the Born and the dielectrophoretic forces that depend on the permittivity and the electric field gradients, respectively.
We compare the predictions of the BMCSL and the often used Carnahan-Starling (CS) steric interaction theories. e obtained results show that in the case of binary electrolyte solutions, there are practically no differences between the results obtained using either of these two theories, both combined with all the permittivity-related effects.
In the case of mixed electrolytes, and without considering the permittivity-related effects, the CS concentration profiles for both counterion species only differ by a constant factor: the ratio of the bulk concentrations of the two counterion species. On the contrary, according to the BMCSL theory, for sufficiently high surface charges and irrespective of the relative bulk concentrations, the smaller counterion concentration always surpasses the concentration of the larger one.
When the CS theory is combined with all the permittivity-related effects, a dependence on the individual ionic sizes appears mainly due to the repelling dielectrophoretic force that is proportional to the ionic volume.
is leads to a qualitative behavior that is similar to that predicted by the BMCSL theory without the permittivityrelated effects. However, the dependence on the ionic sizes of the full BMCSL theory that includes the permittivityrelated effects is much stronger so that the larger counterions are expelled from the inner part of the diffuse double layer at much lower surface charges than for CS.
Data Availability
e data used to support the findings of this study are available from the corresponding author upon request. R Cl -= R K + = 3.3 Å R Na + = 3.58Å ε Na + = ε K + = ε Cl -= 20ε 0 Figure 9 : Dependence of the electric potential drop across the diffuse electric double layer on the surface charge density calculated using the CS and BMCSL full models and mixed aqueous NaCl and KCl solutions with the indicated parameters.
